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. If $A$ and $B$ are positive-definite contractive matrices, then
{?} $(A+B)^{s}\{A(\log A)^{2}+B(\log B)^{2}\}\geq \mathrm{T}\mathrm{r}[(A+B)^{s-1}(A\log A+B\log B)^{2}]$
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Lieb skew information [10] :
$S_{p}(\rho, X)=\mathrm{T}\mathrm{r}\rho^{1-p}X\rho^{\mathrm{p}}X-\mathrm{T}\mathrm{r}\rho X^{2}$
for positive numbers $p\in(0,1)$ , a density matrix $\rho\geq 0$ and an observable $X=X^{*}$ .
( Lieb skew entropy ) :
$S_{f,g}(A, X)=\prime \mathrm{b}f(A)Xg(A)X$ $f(A)g(A)X^{2}$
for selfadjoint matrices $A$ and $X$ .
( $f_{?}g\geqq 0$ Bourin$[2, 3]$
$f,$ $g\geqq 0$ ) :
Bourin’s theorem. If $(f, g)$ is amonotone (resp. antimonotone) pair, then $s_{fg},(A, X)\leqq$
$0$ (resp. $S_{f,g}(A,$ $X)\geqq 0$ ).
$(f, g)$ : amonotone (resp. antimonotone) pair on $D$
$(f(a)-f(b))(g(a)-g(b))\geqq 0$ (resp. $(f(a)-f(b))(g(b)-g(a))\geqq 0$)
for any $a,$ $b\in D\subset \mathrm{d}\mathrm{o}\mathrm{m}f\cap \mathrm{d}\mathrm{o}\mathrm{m}g$
Proof. It suffices to consider the monotone case, that is,
$f(a)g(b)$ $f(b)g(a)\leqq f(a)g(a)+f(b)g(b)$ .
We may assume that $A$ is diagonal; $A=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(t_{1}$ , ..., $t_{n})$ . Since $x_{ij}x_{ji}=|x_{ij}|^{2}$ for selfadjoint
$X=(x_{ij})$ , we have
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$=$ Tr $(\begin{array}{lll}f(t_{1})g(t_{1}) \ddots f(t_{n})g(t_{n})\end{array})(\begin{array}{lll}\sum_{k}|x_{1k}|^{2} *\vdots \ddots \vdots* \sum_{k}|x_{nk}|^{2}\end{array})$
$=\mathrm{T}\mathrm{r}f(A)g(A)X^{2}$ .
Thus $s_{fg},(A, X)\leqq 0$ .
$f(x)=x^{s},$ $g(x)=1/x$ antimonotone pair $S_{f,g}(A, X)\geqq 0$
$x^{2}$ Jensen
:
Theorem. if $A$ and $B$ are $n\mathrm{x}n$ positive-definite matrices whose spectra arc contained
in an interval $[m, M]$ , then the following inequalities hold for any $s\geqq 0$ :
$S_{x^{s},’/\text{ }}$
$(A +B, A \log A+B\log B)+\frac{(\log\frac{m}{M})^{2}}{4}\mathrm{T}\mathrm{r}(A+B)^{s+1}$
$\geqq \mathrm{T}\mathrm{r}$ $[(A+B)^{s}\{A(\log A)^{2}+B(\log B)^{2}\}]$
$-\mathrm{T}\mathrm{r}$ $[(A+B)^{s-1}(A\log A+B\log B)^{2}]$
$\geqq S_{x^{s},1/x}(A+B, A\log A+B\log B)\geqq 0$ .
$\mathrm{M}\mathrm{o}\mathrm{n}\mathrm{d}- \mathrm{P}\mathrm{e}\check{\mathrm{c}}\mathrm{a}\mathrm{r}\mathrm{i}\acute{\mathrm{c}}$ method :
$4\mathrm{B}$
Lemma. If $X$ and $Y$ are Herm itian with $\ell\leq X,$ $Y\leq L$ for real numbers $p$ and $L$ and
if $C^{*}C+D^{*}D=1$ , then
$C^{*}X^{2}C+D^{*}Y^{2}D \leq(C^{*}XC+D^{*}YD)^{2}+\frac{(L-\ell)^{2}}{4}$ .
:
Proof. Putting $C=A^{1/2}(A+B)^{-1/2}$ and $D=B^{1/2}(A+B)^{-1/2}$ , we can apply the above
Jensen’s inequality:
$C^{*}(\log A)^{2}C+D^{*}(\log B)^{2}D\geq[C^{*}(\log A)C+D^{*}(\log B)D]^{2}$ ,
and hence
$(A+B)^{s/2}\{A(\log A)^{2}+B(\log B)^{2}\}(A+B)^{s/2}$
$\geqq(A+B)^{(s+1)/2}\{C^{*}(\log A)C+D^{*}(\log B)D\}^{2}(A+B)^{(s+1)/2}$ .
Put $E=A\log A+B\log B$ . Then it follows that
Tr $(A+B)^{s}\{A(\log A)^{2}+B(\log B)^{2}\}$
$\geqq \mathrm{T}\mathrm{h}$ $[(A+B)^{(s+1)/2}\{C^{*}(\log A)C+D^{*}(\log B)D\}^{2}(A+B)^{(s+1)/2}]$
$=\mathrm{b}’[(A+B)^{s}E(A+B)^{-1}E]$ .
Since $(x^{s}, 1/x)$ is a antimonotone pair of functions, we have by Bourin’s Theorem
Tr $[(A+B)^{s}\{A(\log A)^{2}+B(\log B)^{2}\}]-\mathrm{T}\mathrm{r}$ [$(A+B)^{s-1}$ (A $\log A+B\log B)^{2}$ ]
$\geqq \mathrm{T}\mathrm{r}$ [(A+B)sE(A+B)-lE]- (A+B)s-lE2]
$=S_{x^{s},1/x}(A+B, E)\geqq 0$ .
This proves the second inequality of Theorem. Applying Lemma for $\ell=\log m$ and
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$L=\log M$ , we also have
Tr $(A+B)^{s}\{A(\log A)^{2}+B(\log B)^{2}\}$
$=\mathrm{T}\mathrm{r}(A+B)^{\frac{s+1}{2}}\{C^{*}(\log A)^{2}C+D^{*}(\log B)^{2}D\}(A+B)$





$\geqq \mathrm{T}\mathrm{r}$ $[(A+B)^{s}\{A(\log A)^{2}+B(\log B)^{2}\}]$
$-\cdot \mathrm{T}\mathrm{r}[(A+B)^{s-1}(A\log A+B\log B)^{2}]$
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